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The effect of randomness on field-induced magnetic ordering was investigated through specific
heat measurements in Tl1−xKxCuCl3 with x ≤ 0.22. The isostructural parent compounds TlCuCl3
and KCuCl3 are coupled spin dimer systems with a gapped ground state and their field-induced
antiferromagnetic ordering is described by the Bose condensation of spin triplets (triplons). Well-
defined field-induced phase transitions were observed in Tl1−xKxCuCl3. The critical exponent φ of
the phase boundary defined by T (H) ∝ (H −Hc)
1/φ is reevaluated in TlCuCl3 as φ = 1.67 ± 0.07,
which is close to φBEC = 3/2 derived from the triplon BEC theory. For x 6= 0, the exponent φ
decreases systematically with x. The phase boundary observed at low temperatures for x > 0.1 is
almost a linear function of temperature T . In the low-field region for H < Hc, no magnetic ordering
is observed in spite of finite susceptibility. These properties are discussed in connection with the
Bose glass phase argued by Fisher et al. [Phys. Rev. B 40, 546 (1989)].
Quantum phase transitions in coupled antiferromag-
netic spin dimer systems are of current interest. These
systems often have a gapped singlet ground state. In
a magnetic field, created Sz = +1 component of spin
triplet which has recently been called triplon [1] can hop
to neighboring dimers and interact with one another due
to the transverse and longitudinal components of the
interdimer interaction. Hence, the system can be rep-
resented as a system of interacting triplon bosons [2].
When the hopping term is dominant, triplons can un-
dergo Bose-Einstein condensation (BEC) in a magnetic
field higher than the critical field Hc corresponding to
the gap. This leads to field-induced transverse magnetic
ordering [3, 4, 5]. On the other hand, when the repul-
sive interaction due to antiferromagnetic interdimer in-
teractions is dominant, triplons can form a superlattice
accompanied by a magnetization plateau as observed in
SrCu2(BO3)2 [6].
TlCuCl3 and KCuCl3 have the same monoclinic crys-
tal structure composed of chemical dimer Cu2Cl6 [7, 8],
in which Cu2+ ions have spin- 1
2
; their magnetic ground
states are spin singlets with excitation gaps ∆/kB of 7.5
K and 31 K [9, 10, 11], respectively. The gaps originate
from the strong antiferromagnetic exchange interaction
between spins in the chemical dimer [12, 13, 14, 15]. The
neighboring spin dimers couple antiferromagnetically in
three dimensions. Field-induced magnetic ordering in
TlCuCl3 has been extensively studied by various tech-
niques [10, 16, 17, 18]. The results obtained were in
accordance with the triplon BEC model [4]. Magnetic
excitations in magnetic fields were investigated by neu-
tron inelastic scattering [19], and the results were clearly
explained by a theory using the bond operator method
[20, 21].
Fisher et al. [22] theoretically discussed the behavior
of lattice bosons in random potential, and argued that
a new Bose glass phase exists at T = 0 in addition to
superfluid and Mott insulating phases. In the Bose glass
phase, bosons are localized due to randomness, but there
is no gap, so that the compressibility is finite. Fisher
et al. showed that the superfluid transition occurs only
from the Bose glass phase, and that near T = 0, the
transition temperature Tc is expressed as
Tc ∼ [ρs(0)]x, ρs(0) ∼ (ρ− ρc)ζ , (1)
where ρc is the critical density at which the superfluid
transition occurs at T = 0, ρs(0) is the superfluid density
at T = 0 and exponents x and ζ are respectively x = 3
4
and ζ ≥ 8
3
for three dimensions. The critical behavior is
different from that of the boson system without random-
ness, for which the exponents are given by x = 2
3
and
ζ = 1.
In the present spin system, the superfluid and Mott
insulating phases are translated as the field-induced or-
dered phase and the gapped singlet state or magne-
tization plateau state, respectively. The strong in-
tradimer interaction J corresponds to the local poten-
tial of triplons [4]. Since J/kB = 65.9 K and 50.4 K for
TlCuCl3 and KCuCl3 [13, 14, 15], respectively, we can
expect that the partial K+ ion substitution for Tl+ ions
produces random on-site potential. Thus, the present
system seems suitable for studying boson localization.
Then we performed specific heat measurements to inves-
tigate the phase transitions in Tl1−xKxCuCl3. In this
paper, we report the results.
Single crystals of Tl1−xKxCuCl3 were grown from a
melt by the Bridgman method. The details of prepara-
tion were reported in reference [25]. Potassium concen-
tration x was determined by emission spectrochemical
analysis. Specific heat measurements were performed for
samples with x = 0, 0.055, 0.13 and 0.22. The samples
were cut into pieces of 5∼10 mg. We treated samples in a
2glove box filled with dry nitrogen to reduce the amount
of hydrate phase on the sample surface. The specific
heats were measured down to 0.45 K in magnetic fields
up to 9 T using a Physical Property Measurement Sys-
tem (Quantum Design PPMS) by the relaxation method.
The magnetic field was applied along the b-axis.
Figure 1 shows the temperature dependence of the
total specific heat C in Tl1−xKxCuCl3 with x = 0.13
measured at various magnetic fields. For H = 0 T,
no anomaly indicative of magnetic ordering is observed
down to 0.45 K. For H > 5 T, a small cusplike anomaly
due to magnetic ordering is observed. Arrows indicate
transition temperatures. The anomaly at around the or-
dering temperature TN is small, as observed in TlCuCl3
[16]. To determine TN more definitely, we plotted the
difference between the specific heat C(H) for a mag-
netic field H and C(0) for H = 0, and then the λ-like
anomaly due to the phase transition was clearly observed
in C(H) − C(0) versus T . The anomaly in the present
mixed systems is as sharp as that in the pure system.
This is evidence of the good homogeneity of the samples.
The specific heat anomaly below 2 K is so small that it
is hard to distinguish the ordering temperature. Then,
we measured the field dependence of the specific heat at
various temperatures. Some examples of the measure-
ments are shown in Fig. 2. The specific heat exhibits
a clear cusplike anomaly, to which we assign the transi-
tion field HN(T ). No hysteresis was observed in the field
scan, although small hysteresis was reported in another
measurement [18]. Similar measurements were also per-
formed for samples with x = 0, 0.055 and 0.22. The phase
transition points obtained by temperature and field scans
are summarized in Fig. 3. Since the phase boundaries
for H‖b and H⊥(1, 0, 2¯) obtained in the previous magne-
tization measurements coincide when normalized by the
g-factor [16, 25], we infer that the behavior of the phase
boundary is independent of external field direction.
We first discuss the phase boundary for pure TlCuCl3.
As shown in Figs. 3, the phase boundary can be ex-
pressed by the power law
T (H) ∝ (H −Hc)1/φ, (2)
where Hc is the critical field at T = 0. The best fit is
obtained with Hc = 5.4 ± 0.1 T and φ = 1.89 ± 0.06,
using all the data points for H ≤ 9 T. This value of
φ is somewhat smaller than the previous value of φ of
2.0 ∼ 2.2 [16, 17]. Phase transition points used for fitting
in the previous measurements were concentrated between
2 and 4 K, which leads to the larger critical exponent φ.
When we use the data for T ≤ 3 K or H − Hc ≤ 1 T,
we obtain a smaller φ of 1.67± 0.07, but this is close to
φBEC = 3/2 derived from the triplon BEC theory based
on the HF approximation [4, 22]. Setting x = 2
3
and ζ =
1 in eq. (1), we obtain φBEC = (xζ)
−1 = 3/2, because
magnetization is proportional to the density of triplons
ρ, and ρ − ρc ∼ H − Hc at T = 0. The experimental
3.0
2.5
2.0
1.5
1.0
0.5
0.0
C 
[J/
K 
m
ol
] (0
.3 
off
se
t)
876543210
T [K]
Tl1-xKxCuCl3
x=0.13
H//b
H = 9 T
8 T
7 T
0 T
6 T
FIG. 1: Temperature dependence of the specific heat C in
Tl1−xKxCuCl3 with x = 0.13 at various magnetic fields for
H//b. For clarity, the values of C are shifted upward consec-
utively by 0.3 J/K mol with increasing external field. Arrows
denote the transition temperature TN(H).
exponent φ = 1.67 supports the BEC description of field-
induced magnetic ordering in TlCuCl3.
Recently, the deviation of the exponent φ toward
larger value from φBEC = 3/2 was theoretically discussed
[18, 23]. Sherman et al. [18] demonstrated that the larger
experimental exponent φ can be attributed to the rela-
tivistic dispersion of the form ǫ(k) =
√
∆2 +Ak2, which
gives better description of the observed dispersion. On
the other hand, Nohadani et al. [23] showed numeri-
cally that the exponent φ is independent of the inter-
action parameters. They ascribed the deviation to the
temperature-driven renormalization of the triplon disper-
sion. Both theories predict that when the fitting range
(H −Hc) is reduced, the value of φ becomes smaller and
converges to φBEC = 3/2, as observed in the present mea-
surements.
For x 6= 0, the phase boundary for H > 6 T shifts
to the low-temperature side with increasing x (see Fig.
3), i.e., transition temperature TN decreases. This be-
havior can be attributed to the localization effect due to
randomness, which prevents triplons from forming coher-
ent state, Bose condensation. The notable feature of the
phase boundary is that the exponent φ obtained with
all the data points for H ≤ 9 T decreases systemati-
cally with increasing x, i.e. φ = 1.84, 1.72 and 1.40 for
x = 0.055, 0.13 and 0.22, respectively, but the fitting is
not well below 2 K. The enlargement of the phase bound-
aries below 2K are shown in Fig. 4. It is obvious that
the phase boundaries for x 6= 0 are almost linear in T
in contrast with the phase boundary for TlCuCl3 which
meets the field axis perpendicularly. We fit eq. (2) to
the phase boundaries, taking field range H −Hc ≤ 1 T.
The exponent obtained are φ = 1.46 ± 0.12, 1.18 ± 0.15
and 1.11 ± 0.15 for x = 0.055, 0.13 and 0.22, respec-
tively. These exponents are much smaller than those
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FIG. 2: Field dependence of the specific heat C in
Tl1−xKxCuCl3 with x = 0.13 at various temperatures for
H//b. Arrows denote the transition field HN(T ).
obtained with all the data points. The value of φ for
x = 0.055 becomes close to unity, when H −Hc ≤ 0.5 T.
These results indicate that randomness produces qualita-
tive change critical behavior around the quantum critical
point.
The present coupled spin dimer system can be mapped
onto the interacting boson system [2, 3, 4]. The lo-
cal potential on the i-th dimer µi is expressed by µi =
gµBH − Ji, where Ji is the intradimer on the i-th
dimer. The intradimer exchange interaction was evalu-
ated, through neutron inelastic scattering experiments,
to be J/kB = 65.9 K and 50.4 K for TlCuCl3 and
KCuCl3, respectively, [13, 14, 15]. Since these two in-
tradimer interactions are different, the partial K+ ion
substitution for Tl+ ions produces the random local po-
tential µi of the triplon. The hopping amplitude tij and
the intersite interaction Uij are given by the transverse
and longitudinal components of the interdimer exchange
interaction Jij . Consequently, the partial K
+ ion substi-
tution also produces randomness in tij and Uij . There-
fore, our system is not necessarily equivalent to the lat-
tice boson system discussed by Fisher et al. [22], where
the randomness is introduced only in the local poten-
tial and the soft core with on-site interaction is assumed.
However, since the problem of the instability of gapped
ground state against randomness in quantum spin sys-
tems is closely analogous to the particle systems as dis-
cussed by Totsuka [24], we expect that main results for
the lattice boson system discussed by Fisher et al. are
applicable to the present Tl1−xKxCuCl3 system.
Oosawa and one of the authors [25] reported the re-
sults of magnetization measurements on Tl1−xKxCuCl3
for x < 0.36. The main results are as follows: The
magnetization curve observed at T = 1.8 K has finite
slope for H < 4 T. It is evident that the finite mag-
netization slope is not due to the finite temperature ef-
fect, because TlCuCl3 exhibits almost zero magnetiza-
tion up to the critical field Hc. The low-temperature
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FIG. 3: Magnetic field versus temperature diagram obtained
for Tl1−xKxCuCl3 with various potassium concentrations x
for H//b. The solid line denotes the fit by eq. (2) with Hc =
5.3± 0.1 T and φ = 1.67 for TlCuCl3.
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FIG. 4: Enlargement of the phase boundaries below 2 K. For
clarity, the values of the external field H are shifted upward
consecutively by 0.5 T with decreasing potassium concentra-
tion x. Solid lines denote the fits by eq. (2) with exponents
φ shown in Figure.
susceptibility reaches finite value and has no Curie term,
which shows that finite magnetic susceptibility does not
arise from impurities or free spins. Therefore, the finite
magnetic susceptibility is intrinsic to the ground state
of Tl1−xKxCuCl3. With increasing magnetic field, mag-
netization rapidly increases at a critical field indicating
field-induced magnetic ordering. On the temperature
scan, the magnetization exhibits a cusplike minimum at
4the transition temperature TN as predicted by the triplon
BEC theory based on the Hartree-Fock (HF) approxima-
tion [4].
Since the magnetic susceptibility χ = ∂M/∂H cor-
responds to the the compressibility of the lattice boson
system κ = ∂ρ/∂µ, the finite magnetic susceptibility be-
low Hc for x 6= 0 means that the compressibility of the
ground state is finite, i.e., there is no gap. From phase
boundaries shown in Fig. 4, we see that there is a criti-
cal field Hc of the field-induced magnetic ordering, e.g.,
Hc ≈ 4.3 T for x = 0.13. In the low-field phase below
Hc, long range magnetic ordering is absent in spite of
the finite susceptibility. This implies that triplons are lo-
calized due to randomness. The ground state properties
belowHc is consistent with the characteristics of the Bose
glass phase discussed by Fisher et al. [22]. Thus, we con-
clude that the ground state forH < Hc in Tl1−xKxCuCl3
is the Bose glass phase of triplons.
The value of critical field Hc decreases with increasing
x as shown in Figs. 3 and 4. This behavior is connected
with the x dependence of the lowest singlet-triplet ex-
citation energy, which decreases with increasing x and
reaches the bottom at about x ∼ 0.2 [26]. The excitation
gap in TlCuCl3 is decreased under hydrostatic pressure,
and TlCuCl3 undergoes pressure-induced quantum phase
transition to the antiferromagnetic state [27, 28]. Since
the ion radius of K+ ion is smaller than that of Tl+ ion,
substituting K+ ions for a part of Tl+ ions produce not
only the exchange randomness, but also the compression
of crystal lattice. Thus, the decrease of Hc with x should
be ascribed to the chemical pressure due to the ion sub-
stitution.
Applying the theory by Fisher et al. [22], we can ex-
pect that the phase boundary of Tl1−xKxCuCl3 with
x 6= 0 is described by the power law eq. (2) with a expo-
nent φ ≤ 1/2 in the vicinity of T = 0. The phase bound-
ary for x 6= 0 should be tangential to the field axis at
T = 0 in contrast with the phase boundary for TlCuCl3
which is perpendicular to the field axis. The critical be-
havior represented by the small exponent φ ≤ 1/2 is not
observed in the present measurements down to 0.45 K.
As previously mentioned, however, the low-temperature
phase boundary for x 6= 0 is almost linear in tempera-
ture T , i.e., φ ≈ 1. Such small exponent has not been
reported for pure system. In all cases reported, φ is larger
than 2 [29, 30]. Therefore, we conclude that randomness
produces the different critical behavior of field-induced
magnetic ordering, and suggest that the T -linear behav-
ior arises from the crossover from the convex form (φ > 1)
to the concave form (φ < 1) with decreasing temperature.
In conclusion, we have presented the results of specific
heat measurements performed on Tl1−xKxCuCl3 in mag-
netic fields. Well-defined field-induced magnetic phase
transitions are observed in both temperature and field
scans. For TlCuCl3, we reevaluated the critical expo-
nent of the phase boundary to be φ = 1.67 ± 0.07 us-
ing the data points for T < 3 K. This value is close to
φBEC = 3/2 derived from the triplon BEC theory. Ran-
domness produces a qualitative change in critical behav-
ior. For x 6= 0, the phase boundary observed below 2 K
is almost linear in temperature T . The ground state for
H < Hc in Tl1−xKxCuCl3 with x 6= 0 has finite magnetic
susceptibility, no gap and no long range order. These
properties agree with those of the Bose-glass discussed
by Fisher et al. [22]. We conclude that the field-induced
magnetic phase transition in Tl1−xKxCuCl3 with x 6= 0
corresponds to the Bose glass-superfluid transition.
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